A second-order differential identity for the Riemann tensor is obtained, on a manifold with symmetric connection. Several old and some new differential identities for the Riemann and Ricci tensors descend from it. Applications to manifolds with Recurrent or Symmetric structures are discussed. The new structure of K-recurrency naturally emerges from an invariance property of an old identity by Lovelock.
Introduction
Given a symmetric connection on a smooth manifold, one introduces the covariant derivative and the Riemann curvature tensor
The tensor is antisymmetric in a, b and satisfies the two Bianchi identities, R (abc) d = 0 and ∇ (a R bc)d e = 0. 1 From the Bianchi identities various others for the Riemann tensor and the Ricci tensor R ac = R abc b can be derived. The following first-order one is due to Oswald Veblen [EI, LO] :
(1.1) ∇ a R bcd e − ∇ b R adc e + ∇ c R adb e − ∇ d R bca e = 0
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1 Hereafter the symbol (· · · ) denotes a summation over cyclic permutation of tensor indices: K (abc) = K abc + K bca + K cab . If K abc = −K bac then K (abc) = 3K [abc] , where [abc] means complete antisymmetrization.
If the connection is inherited from a metric, Walker's identity of second order holds [WA, SH] (1.2)
[∇ a ,
and, if the Ricci tensor vanishes, Lichnerowicz's non linear wave equation holds [HU, MT] (1.3) ∇ e ∇ e R abcd + R ab ef R ef cd − 2R e ac f R ebdf + 2R ead f R e bcf = 0
In this paper we derive, with the only requirement that the connection is symmetric, a useful identity for the cyclic combination ∇ (a ∇ b R cd)e
f . An identity by Lovelock for the divergence of the Riemann tensor follows. We show that it holds more generally for curvature tensors K originating from the Riemann tensor (Weyl, Concircular etc.) . The main identity and Lovelock's enable us to reobtain in a unified manner various known identities, and some new ones, that apply in Riemannian spaces with structures. In Section 3 we show that various differential structures, such as a) Locally symmetric, b) Nearly Conformally Symmetric, c) Semisymmetric, d) Pseudosymmetric, e) Generalized Recurrent, lead to the same set of algebraic identities for the Riemann tensor. We then introduce the new structures, K-harmonic and K-recurrent, that also yield the set of identities, and include cases a), b), e) and others, that arise from different choices of the K−tensor.
In Section 4, the Weakly Ricci Symmetric structure is considered, with its covectors A,B,D. We show that one of the above algebraic identities holds iff the vector field A − B is closed. We end with Section 5, where we derive Lichnerowicz's wave equation for the Riemann tensor from the main equation.
A second order identity
We begin with the main identity; as a corollary we reobtain an identity by Lovelock which is used throughout the paper, and a generalization of it, for K−curvature tensors.
Main Theorem 2.1. (The second order identity) In a smooth differentiable manifold with symmetric connection:
Proof. Take a covariant derivative of the second Bianchi identity, and sum over ciclic permutations of four indices abcd:
The action of a commutator on the curvature tensor gives quadratic terms
that produce 24 quadratic terms. Eight of them cancel because of the antisymmetry of R and the remaining ones can be grouped as follows:
The last two lines simplify by the first Bianchi identity,
Four terms are seen to be a cyclic summation (abcd).
The contraction of f with the index e gives an equation for the antisymmetric part of the Ricci tensor (which coincides with R abc c by the first Bianchi identity):
The contraction of f with the index a brings to an identity for the divergence of the Riemann tensor ( [LO] ch. 7), which will be used extensively. We refer to it as
The two cyclic sums are now written explicitly:
Next the order of covariant derivatives is exchanged, in the first term of the l.h.s. Some terms just cancel and a triplet vanishes for a Bianchi identity. One gets
The l.h.s. becomes:
a cyclic sum on (bcd) plus a commutator. The latter is moved to the r.h.s. and evaluated. A cancellation of two terms occurs and the r.h.s. ends as a cyclic sum too:
Remark. Lovelock's identity is left invariant if the divergence of the Riemann tensor in the l.h.s. is replaced by the divergence of any curvature tensor K with the property
where A and B are nonzero constants, ϕ is a real scalar function and a bc is a symmetric (0,2) Codazzi tensor, i.e. ∇ b a cd = ∇ c a bd [DZ2] .
Some curvature tensors K with the property (2.4) and trivial Codazzi tensor (i.e. constant multiple of the metric) are well known: Weyl's conformal tensor C [PO] , the projective curvature tensor P [EI] , the concircular tensorC [YA1, SH] , the conharmonic tensor N [MI, SI1] and the quasi conformal curvature tensor W [YA2] . Their definitions and some identities used in this paper are collected in the Appendix. Since in the next section we introduce the concept of K-recurrency, and Weyl's tensor will be considered in section 4, we give a proof of the remark:
Proof. The covariant derivative ∇ a of (2.4) is evaluated and then summed with indices chosen as in Lovelock's identity. Since a symmetric connection is assumed, we obtain:
The last line is zero if a bc is a Codazzi tensor. Lovelock's identity is then used to write the r.h.s. as in (2.5).
An apparently new Veblen-type identity for the divergence of the Riemann tensor can be obtained by summing Lovelock's identity with indices cycled:
Corollary 2.5.
Proof. Write Lovelock's identity (2.3) for all cyclic permutations of (a, b, c, e) and sum them. Simplify by using the first Bianchi identity.
We note that an analogous Veblen-type identity can be obtained for a tensor K, starting from Proposition (2.4).
Corollary 2.6. In a manifold with Levi-Civita connection
Proof. Eq.(2.3) is contracted with g ce . The formula is reported in Lovelock's handbook [LO] .
Symmetric and Recurrent structures
From now on, we restrict to Riemannian manifolds (M n , g). If additional differential structures are present, the differential identities (2.1), (2.3) and (2.6) simplify to interesting algebraic constraints. A simple example is given by a Locally Symmetric Space [KO] , i.e. a Riemannian manifold such that ∇ a R bcd e = 0. Then the aforementioned identities imply straightforwardly the algebraic ones
We show that these identities hold in several circumstances. An example is a manifold with harmonic curvature [BE] , ∇ a R bcd a = 0; in this less stringent case the general property (2.3) yields (3.2) and (3.3). A slightly more general case is now considered Definition 3.1. A manifold is Nearly Conformally Symmetric, (NCS) n , (Roter [RO] ) if
where R = R a a is the curvature scalar.
with ∇ m K bce m = 0 (trivial Codazzi tensor and ϕ = R). Other particular cases are K = 0 (K-flat) and ∇ a K bcd e = 0 (K-symmetric). They yield, for the different choices of K, various types of K−flat/symmetric manifolds [SI1] : conformally flat/symmetric (K = C) [CH, DZ1] , projectively flat/symmetric (K = P ) [GL] , concircular or conharmonic symmetric [AD] , and quasi conformally flat/symmetric. Because of Prop. 2.4, the following is true: The algebraic property (3.2) holds in presence of even more general differential structures.
where L R is a scalar function and the Tachibana tensor is 
A commutator is obtained by contracting two indices in (3.5); for example, contraction of c with f gives .8) i.e. the Ricci-pseudosymmetry property [DS2] . Although each commutator is nonzero, their sum vanishes. Veblen's type identity is proven in a similar way.
We now show that (3.1), (3.2) or (3.3) do hold in manifolds with recurrent structure. Definition 3.6. A Riemannian manifold is a Generalized Recurrent Manifold if there exist two vector fields λ a and µ a such that ∇ a R bcd e = λ a R bcd e + µ a (δ b e g cd − δ c e g bd ) (3.9)
The manifolds were first introduced by Dubey [DU] , and studied by several authors [DE1, MA, AR] . In particular, if µ a = 0 the manifold is a Recurrent Space. Again, we shall prove that the algebraic identities (3.1), (3.2) and (3.3) hold in this case. We need the following lemma, with a content slightly different than the statement by Singh and Khan [SI2] . (g bd g ac − g ad g bc );
if the curvature scalar is not constant, then λ is closed.
Proof. We need some relations that easily come from eq.(3.9): a) the contraction a = e gives ∇ a R bcd a = λ a R bcd a + µ b g cd − µ c g bd . A further divergence ∇ d gives zero in the l.h.s, by eq.(2.7), and the r.h.s. in few steps is evaluated
b) the contraction of c = e in (3.9) yields ∇ a R bd = λ a R bd − (n − 1)µ a g bd , and ∇ a R = λ a R − n(n − 1)µ a ; c) the commutator of covariant derivatives on the Riemann tensor of type (3.9) is
From b) we conclude that, if ∇ a R = 0, λ and µ are collinear (R is a number). Then, eq. (3.10) simplifies to Walker's identity (1.2) for the Riemann tensor (3.9) yields the algebraic relation 0 = A abCcdef + A cdCabef + A efCabcd (3.14) Now Walker's lemma [WA] is invoked: it implies that either A ab = 0 or C abcd = 0. We give a proof based on (3.12): 1) Saturate in eq.(3.14) with A ef and use (3.12): one gets A ef A efCabcd = 0 ⇒C abcd = 0; 2) in the same way, by saturation withC cdef one getsC abcdC abcd A ef = 0 ⇒ A ef = 0.
Therefore either λ is closed or the manifold is a space of constant curvature. We now discuss the case ∇ a R = 0. Take covariant derivative ∇ b of ∇ a R = λ a R − n(n − 1)µ a , and exchange a and b. Then
Enter this in (3.10),(3.11), and get again (3.12),(3.13) where nowC = 0. The same procedure as above gives A = 0, i.e. λ is closed. 2) and (3.3) hold.
Proof. If ∇R = 0 then, by the previous Lemma 3.7, λ is always closed and, by eq.(3.13), the space is semisymmetric. Then eqs.(3.1),(3.2) and (3.3) hold by Prop.3.3. If ∇R = 0 then λ and µ are collinear (Lemma 3.7) and eq.(3.13) holds again. The Lemma states that either λ is closed or the space has constant curvature. In both cases the manifold is semisymmetric and (3.1),(3.2),(3.3) hold.
The afore mentioned Recurrent structures are special cases of a new one, which we now define. It arises naturally from the invariance stated in eq. (2.5) stemming from Lovelock's identity. Definition 3.9. A Riemannian manifold with a curvature tensor K such that eq.(2.4) is true, is named K-Recurrent Manifold (KRM) if ∇ a K bcd e = λ a K bcd e where λ is a nonzero covector field.
Therefore, KR-manifolds include known cases as Conformally-recurrent, Concircular-recurrent etc. (see [KH] for a compendium).
In general, the Bianchi identity for a tensor K contains a tensor source B (see Appendix for some relevant examples). In a KRM it is λ (a K bc)d e =
B abcd e . When λ is closed, one obtains a remarkable property:
Theorem 3.10. In a KRM with closed λ
Use closure property and Lovelock's identity to conclude. 
Remark. It is well known that Concircular Recurrency is equivalent to
Generalized Recurrency [AR, DU] .
4 Weakly Ricci Symmetric Manifolds (WRS) n Definition 4.1. A (WRS) n is a Riemannian manifold with non-zero symmetric Ricci tensor such that
with A, B and D are nonzero covector fields.
The manifolds were introduced by Tamássy and Binh [TA] , and include the physically relevant Robertson-Walker space-times [DE3] , or the perfect fluid space-time [DE5] . If B = D the manifold is Ricci-Recurrent. Most of the literature concentrates on the difference B − D, and prove that in (WRS) n that are conformally flat [DE4, DE6] or quasi-conformally flat [JA] , B − D is a concircular vector. We here show that Lovelock's identity (2.3) allows to discuss new general properties of A, B, D.
Proof. From the definition of WRS n and the second Bianchi identity
A further covariant derivative gives
Summation is done on cyclic permutation of d, b, a:
The terms with derivatives of Ricci tensors vanish because (4.3) and left multiplication by β c gives the differential identity
Theorem 4.4. In a (WRS) n manifold with nonsingular Ricci tensor, the covector A − B is closed iff
Proof. If A − B (which equals A − D because det R = 0) is closed then (4.5) holds because of the Lemma. If the r.h.s. of Lemma vanishes,
the index c is raised and multiplication is made by (R −1 ) s c :
(WRS) n manifolds of physical relevance that fulfill the condition (4.5) are the conformally flat WRS-manifolds, i.e. (WRS) n manifolds whose Weyl tensor (see Appendix) vanishes [DE3, DE4] . Proof. The divergence of the Weyl tensor (Appendix) takes the form (2.4), where the Codazzi tensor is g ab . Because of the general proposition (2.5) we have Proof. Since ∇ a g bc = 0, indices can be lowered or raised freely under covariant derivation. The Riemann tensor gains the symmetry R abcd = R cdab and the further condition R ab = 0 implies that ∇ k R k abc = 0. Eq.1.3 follows immediately.
Appendix
We collect the useful formulae for the K-curvature tensors in a n−dimensional Riemannian manifold: a) definition, b) divergence, c) cyclic sum of derivatives (unlike the II Bianchi identity, we get a nonzero tensor B), d) divergence of B (the r.h.s. of c).
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